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FINITE ELEMENT SOLUTION OF UNBOUNDED HAGNETIC FIELD
PROBLEH CONTAINING PERROHAGNETIC MATERIALS
Y.Saito, K.Takahashi,and S.Hayano
College of Engineering, Hosei University
3-7-2 Kajinocho, Koganei,Tokyo 184, Japan
Abstract: A great interest has been focused on the
strategic dual image method for obtaining the finite
element solution of unbounded magnetic field problem
[l]. Even though the strategic dual image method can
be applied to any complex magnetic field distributions with unbounded boundary, a difficulty of the
generalization to the magnetic field problem containing ferromagnetic materials has been pointed out.
In this paper, we show that this difficulty can be
removed by means of the magnetization vector. As a
result, it is shown that our strategic dual image
method permits the finite element solution of
unbounded magnetic
field problems containing
ferromagnetic materials.

INTRODUCTION
The finite element and difference methods are
being widely used to solve the various engineering
field problems. However, because of their essential
feature, it is difficult to obtain the solution of
the unbounded field problems. To overcome this difficulty, we have previously proposed a new method
which is based on the method of electrical image
[1,2].
This new method is called the strategic dual
image method (SDI). Even though, our SDI method is
capable of any unbounded field problems,a difficulty
of the application to the unbounded field problems
containing ferromagnetic materials has been pointed
out.
In this paper, it is revealed that this difficulty
can be removed by utilizing the B = / L O ( H + M )
formulation instead of B = p H , where B , H, M ,
P O
and p are respectively the flux density, field
intensity, magnetization, permeability of air and
permeability of ferromagnetic material. As a result,
it is shown that our SDI method can be applicable to
obtain the finite element solution of unbounded
saturable magnetic field problems.

THE STRATEGIC DUAL IMAGE HETHOD
Basic field equation

where p is the permeability of air 4 z X 10-7[H/m]
By means of ( l ) , it is possible to modify (2) as
B=po

(l+X,)

H=PO

(3

H=pH,

where p , p r are respectively called the permeability and relative permeability of the material. When
we employ a vector potential A and assume the
Coulomb gauge, then ( 2 ) leads to the following
governing equation:

J . and J i are respectively the source
where
current density and magnetizing current density.
Similarly, the following governing equation can be
derived from (3) as
( 1 / p )

Vz A=-J,,

(5)

where a constant permeability p has been assumed,
because most of the numerical methods always utilize
a piecewise linear permeability. Combination (4)
with (5) gives the magnetizing current density J i ,
viz.,

Thus the effect of ferromagnetization is represented in terms of the magnetization current density
J

i

.

Infinite boundary
In most engineering problems, the net magnetic
field source becomes zero, so the net magnetic field
source is assumed to be zero in the problem region.
Furthermore as shown in Fig.1, it is assumed that
the problem region is enclosed by a boundary located
at an infinitely long distance from the problem
region. By considering this infinite boundary, it is
obvious that the boundary conditions at the infinite
boundary are
Bn = o ,
(7)

In the ferromagnetic materials, a magnetization
vector M is related with the field H as
M=x,

H,

(1)

where zrn is called the magnetic susceptibility of
the material. Also,the magnetization flux density B
is given by

where the flux density B n and field-intensity H t
are, respectively, the normal and tangential comqonents to the infinite boundary as illustrated in
Fig.1. The boundary conditions (7) and (8) suggest
that the unbounded field is composed of the divergent field B , and rotational field
Ht
This
neans that the magnetic field source can be regarded
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as a rotational field source, i.e., current i , or
divergent field source, i.e., magnetic charge m

.

INFINITE
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Divergent field component
Let's consider one of the magnetic charges m in
the problem regions.
When we impose an image
- ( d / a ) m at a position shown in Fig.Z(b) , then
the tangential component of the field intensity H
becomes zero at an arbitrary point on the sphere
enclosing the field source m . This means that the
tangential component of the field intensity H to
the spherical surface is suppressed by the image
- ( d / a ) m so that the remaining field on the
spherical surface is the normal component of the
flux density B . Thus, the divergent field component
B , which becomes zero at the infinite boundary
can be evaluated. Similarly to (9), the following
condition
a E (m, / r , )
p= 1

FIG.l.

Modeling of unbounded field problems.

Rotational field component
When we impose - ( d / a ) i as shown in Fig.%),
then the normal component of flux density B to the
spherical surface is suppressed by the image current
- ( d / a ) i so that the remaining field on the
spherical surface is the tangential field intensity
H. Thus the rotational field component H , which
becomes zero at the infinite boundary can be evaluated. The magnitude of image - ( d / a ) i depends
on a position of field source i in the sphere SO
that the following condition
9

aC ( i , / r , )
p= 1

=O,

=o,

(10)

must be satisfied to reduce the zero net image for
all the magnetic charges in the problem region. The
magnetic field source, in this case, is regarded as
the magnetic charge m instead of the current i s 0
that the condition (9) still holds. This means that
the vector potential A must be reduced to zero at
the center of the sphere.
Also, the boundary
condition at an arbitrary point on the spherical
surface is represented by the symaetrical condition
a A / d n = 0,where n denotes the normal direction
to the spherical surface.

(9)

must be satisfied to reduce the zero net image for
all the currents in the problem region. In ( 9 ) , a
is sphere radius; r , ( = a / d ) is the distance
from the center of the sphere to the current i, ;
and q is the number of sources. Equation (9) means
that the vector potential A must be reduced to zero
at the center and the surface of the sphere.

(b) The divergent field source image - ( d / a ) m
and hypothetical spherical boundary. The tangential components of field intensity at the
spherical surface become zero.
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Strategic dual images.
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and hypothetical spherical boundary. The normal
components of flux density at the spherical
surface become zero.

FIG.2.

Strategic dual images.

field

The unbounded field is composed of the rotational
and divergent field components. The rotational and
divergent fields are respectively evaluated by
setting the boundary condition
A=O
and
a A / d n = 0 at the spherical surface. Further,
because of (9), the condition A = 0 must be imposed
at the center of the sphere enclosing all the field
source. Thus, the unbounded field can be obtained by
a summation of these two fields. It must be noted
that an unbounded field has two field sources
(rotational and divergent field sources) so that
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the original field is obtained by dividing the total
field by two, that is

where X, X. and X, are the unbounded, divergent
and rotational field solution vectors, respectively.
Implementation
The magnetic field is represented by the curl
of vector potential A so that the vectors representing the rotational and divergent field components are, respectively, calculated by setting the
boundary conditions A = O and a A/d n = O at
the spherical surface of the hypothetical boundary.
Furthermore, because of (9),A= 0 must be satisfied
at the center of the spherical surface.
When the rotational field solution vector X, and
the divergent field
solution vector
X. are
obtained after solving each of the systems, the
unbounded field solution vector X is obtained from
(11). In (ll), it is required to use the rotational
and divergent field solutions. But it is possible
to show that the SDI method does not require double
computations for rotational and divergent field
solutions. This is based on the following fact:

of an entire problem region.
Figure 3(a) shows a magnetic field distribution in
an 'E' core nagnet.The solutions were obtained using
the hypothetical boundaries with different radii.
Nevertheless, the solutions almost coincided with
each other. This means that our SDI method gives a
unique solution for the unbounded magnetic field
containing ferromagnetic materials.
Figure 3(b) shows a magnetic field distribution in
an 'E' core magnet taking into account the magnetic
saturation. A comparison of Fig.3b) with 3b) shows
a notable difference in the vicinity of the air gap.
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FIG.3.
is established at the hypothetical boundary because
the other solution vector X, is always zero.
On the other hand,the normal derivative a X/a R
at the hypothetical boundary becomes

because the normal derivative a X, / a n of the
solution X. is zero. Therefore, the SDI method can
be implemented by using either boundary condition
(12) or (13) not requiring the double computations
for X. and X, in (11). According to (4) and (6),it
is obvious that the solution vector X essentially
becomes a function of X. This means that the
solution vector X should be iteratively evaluated
in the following manner[3]

t

symmetrical

(b) Non-linear solutions

FEM solutions in the 'E' core magnet,
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radius solution,
radius solution,
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CONCLUTION
Ye have shown above that the strategic dual image
nethod is applicable to unbounded magnetic field
problems containing ferromagnetic materials. AS a
result, it may be concluded that the finite element
solutions of any unbounded field problems cah be
obtained by the SDI method using an extremely simple
procedure.
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